For any elliptic curve E over k ⊂ R with E(C) = C × /q Z , q = e 2πiz , Im(z) > 0, we study the q-average D 0,q , defined on E(C), of the function D 0 (z) = Im(z/(1 − z)). Let Ω + (E) denote the real period of E. We show that there is a rational function R ∈ Q(X 1 (N )) such that for any non-cuspidal real point s ∈ X 1 (N ) (which defines an elliptic curve E(s) over R together with a point P (s) of order N ), πD 0,q (P (s)) equals Ω + (E(s))R(s). In particular, if s is Q-rational point of X 1 (N ), a rare occurrence according to Mazur, R(s) is a rational number.
Introduction
The relationship between modular forms of weight one and periods of elliptic curves is well-known, certainly to experts in the field. In this paper we study in some detail those modular forms of weight one which arise from q-averages of the 0-logarithm function, ℓ 0 (z) = z/(1 − z). We are led to consider these rather special forms to point out the analogy with the situation in algebraic K-theory, where the other polylogarithm functions have already played an important role in connection with special values of L-functions.
Let E be an elliptic curve over Q and let P 0 ∈ E(Q) be a rational point of order N > 1. Writing E(C) = C/L for some complex lattice L = Z · 1 + Z · τ , with Im τ > 0, we let q = e 2πiτ ; the exponential map u → e 2πiu gives an isomorphism Φ : E(C) ∼ = C × /q Z . Let z 0 be a representative for the coset Φ(P 0 ), so that Φ(P 0 ) = z 0 · q Z . For k ≥ 0 define the polylogarithm functions,
these functions can be regarded as single-valued functions on the disk {z : |z| < 1}, or they can be regarded, by analytic continuation, as multi-valued functions on {z : z = 1, z = 0}. The Bloch-Wigner dilogarithm function D 2 (z) = log |z| arg(1 − z) + Im ℓ 2 (z) = log |z| arg(1 − z) − Im z 0 log(1 − t) dt t is a single-valued real function of the complex variable z. Summing over a coset of q Z yields D 2,q (z) = n∈Z D 2 (zq n ), which is a real function on E(C). Its value at P 0 plays an important role in conjectures of Spencer Bloch about values of the L-series L(E, s) at s = 2 in connection with values of the higher regulator map K 2 E → R from algebraic K-theory ( [4] , [2] ) and certain Eisenstein-Kronecker-Lerch series ( [26] ). In particular, it often happens that (1.1)
is a rational number to great numerical accuracy. In this paper we explore the analogous situation at s = 1.
To do this, we replace the dilogarithm by the first member of the sequence of polylogarithm functions, namely, the 0-logarithm. We let
where γ is the largest real root of f (x).
We introduce the group
Let X 1 (N ) denote the modular curve corresponding to the group Γ 1 (N ). It is a projective curve defined over Q, so that X 1 (N ) ⊗ C contains the quotient Γ 1 (N ) \ H as an affine open subset. For each s ∈ X 1 (N ), not a cusp, there is a corresponding elliptic curve E(s) equipped with a point P (s) of order N ; the curve and point are both defined over Q(s). It is possible to pick a differential ω(s) = 0 on E(s) that varies algebraically in s; this enables us to interpret the various quantities above, such as q and Ω + , as functions of s.
There is a rational function R ∈ Q(X 1 (N )) such that for each real point s ∈ X 1 (N ), not a cusp, we have R(s) = 2πD 0,q(s) (P (s))/Ω + (s).
In particular, if s is a rational point, then the quantity R(s) is a rational number. This theorem was suggested by two sequences of numerical experiments. Our first sequence of experiments showed that πD 0,q (P 0 ) Ω + appears to be a rational number of small height to great accuracy, for example, 100 digits.
Our second sequence of numerical experiments was this. The possible numbers N that occur are 1 ≤ N ≤ 10 or N = 12 (according to a theorem of Mazur, [19] ), and for each of these there is a one-parameter family (defined over Q) of pairs (E t , P t ) where P t is a point of order N on the elliptic curve E t . We found that the ratio above is a simple function of the modular parameter t ∈ C. The results are summarized in Table 1 . Table 1 , which presents, for each case, a rational function which is a good fit to numerical results with many digits of accuracy, for a finite number of values of t. Refer to [17, p.217] , for the parametrizations used; we use Kubert's names for the parameters. In each case, the family of elliptic curves is represented by an equation of the form y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 ; we choose ω = dy/(2y + a 1 x + a 3 ), as is customary.
We expected that the ratio R would be a rational function of the parameter, i.e., would be a modular function. We were surprised that its coefficients were always rational, but we shouldn't have been, for it turns out that the well-known Hecke-Eisenstein modular forms of weight one have sufficient rationality properties to explain the observations. These forms are presented in Lang's book [18] in chapter XV, section 1, in a concise form. The best explanation of their rationality properties is presented by Nicholas Katz in [14, Appendix C], where he presents a purely algebraic construction of the Hecke-Eisenstein modular forms; we hadn't been aware of his work during our initial investigations. His construction shows the forms are defined over the rational numbers, and are computable exactly and algebraically, so we were able to verify that the entries in Table 1 are correct by means of a second computer program.
In this paper we explain how to deduce the rationality of the ratios R presented above from the rationality of the Hecke-Eisenstein forms. This is done by using q-expansions to identify our ratio with the modular form presented in Katz's paper. This identification is easy in the case where P 0 is on the identity component of E(R), but harder otherwise, essentially because Katz provides the q-expansion just at certain cusps. We then explain the relationship with the Hecke-Eisenstein forms as presented in Lang's book. We present an exposition of the q-expansion principle which is sufficient to deduce the desired rationality of the ratios R directly from the rationality of the q-expansion coefficients, allowing one to bypass, if desired, the elegant algebraic construction of Katz. We end with a general question. Let M be a motive over Q, of weight k ≥ 1, defined by an irreducible direct factor of the cohomology of an abelian variety A. If r is an integer with k/2 ≤ r ≤ k + 1, critical or not, is there an analog of the function D 0,q (or D 2,q ) on A(C), whose values at torsion points have (at times) rational relations with L(M, k)? For M = Sym 2 (E), with E an elliptic curve over Q, k=2, and r = 3, one has such a phenomenon; see the papers [8] and [20] .
We thank the referee for helpful comments on an earlier version, which have been incorporated.
2.
Interpreting D 0,q as a modular form of weight one for Γ 1 (N )
We use the same notation as in the introduction. Since E is real, we may choose the isomorphism E ∼ = C/L in such a way that the real structure on E corresponds to complex conjugation on C. Then since L is invariant under complex conjugation we may choose τ so that Re τ is either 0 or 1/2; in the first case, E(R) has two components and q > 0, and in the second case, E(R) has one component and q < 0. In both cases |q| < 1. Since P 0 is a point of order N , we may write z 0 in the form z 0 = ζ k N q ℓ/N where ζ N = exp(2πi/N ). Since P 0 is real, we may pick z 0 so that either
Case B occurs when 2 | N , q > 0, and P 0 is not on the identity component of E(R). We occupy ourselves with case A first. Making use of the easy identities D 0 (z) = −D 0 (z) = D 0 (1/z) and remembering that q is real we compute (2.1)
The double sums above are absolutely convergent because |q| < 1, and
We set
when q is real. We will use this q-expansion for values of q which are not necessarily real, as D 0,q (z 0 ) is inappropriate when q is not real. Now we consider case B. We have
Call such a function homogeneous of degree −ℓ. Since k is relatively prime to N, we have a map φ k : H → L N from the upper half plane H, defined by
Notice the factor of 2πi used here. The composite f k = F • φ k is a modular form of weight ℓ for the group Γ 1 (N ) if it is meromorphic on the upper half plane and at the cusps; the main import of being a modular form is the identity
, which follows from the homogeneity of F .
For f k to be meromorphic at the cusps means that
is a meromorphic function of e 2πiτ /N , for each a b c d ∈ Sl 2 (Z) (this condition is formulated incorrectly in [18, p. 103] ). This condition is independent of k, and in terms of F it means that
is a meromorphic function of e 2πiτ /N for each pair of relatively prime intergers c, d.
The field of definition of a modular form is properly understood as described in [14] . Given a scheme S on which the integer N is invertible, we let E N (S) denote the set of triples (E, ω, P ), where E is a family of elliptic curves over S, ω is a holomorphic differential form on E relative to S which is nonzero on each fiber, and P is a section of E over S which has order N . There is a bijection
, where z is the coordinate function on C.
If R is a ring, then a holomorphic modular form for Γ 1 (N ) of weight ℓ over R is a collection of maps F : E N (S) → H 0 (S, O S ) defined for any R-scheme S, which is natural in S, and which is homogeneous of weight ℓ in the sense that F (E, αω, P ) = α −ℓ F (E, ω, P ) for each α ∈ H 0 (S, O s ). When R is a field, then we say that R is a field of definition of F .
When C is an R-algebra, we will make use of the bijection mentioned previously implicitly, regarding such an F also as a function F : E N (C) → C, and writing
The q-expansions at the cusps are obtained by choosing k and ℓ so gcd(k, ℓ, N ) = 1 and expanding [14, p. 260 ] is described a modular form, A 1 , of weight 1. Some of its q-expansions are given in [14, (2.7.10)] as follows.
Thus from the identity of the q-expansions (2.1) and (2.3), we see that for case A
In case B, we expect the analogous identity
to hold (it doesn't seem to follow immediately from [14, 2.7.8]); proving it amounts to computing the qexpansion for A 1 at cusps other than the ones Katz considered, and we do this later in (3.6). In [14, Appendix C] is an amazing algebraic construction of A 1 which shows that it is defined over Z[
]. We will use this result to get the rationality.
Let E be an elliptic curve, as in the introduction, defined over a subfield K of C, with a point P 0 of order N and a differential ω = dx/(2y). We can find a lattice L, a number u 0 ∈ C, and an isomorphism
Now suppose we are in case A, so that K ⊆ R, we take Ω + = v 1 to be real and positive, and we pick k ∈ Z so k/N = u 0 /v 1 . Then from (2.4) we deduce: 
yielding the desired rationality in this case. The sense in which R is a rational function of the parameter is this. Each of the families of elliptic curves in Table 1 can each be viewed as an element (E, ω, P 0 ) ∈ E N (S), where S is an open subset of P 1 Q . Thus R = A 1 (E, ω, P 0 ) ∈ Q(P 1 ) is a rational function. Alternatively, for N ≥ 3, one may take S = X 1 (N ) − {cusps} and (E, ω, P ) the universal family of elliptic curves, thereby proving theorem 1.2.
3.
Hecke-Eisenstein modular forms
Now we recall work of Hecke ([10] , [11] ). (It also occurs in [12, Chapter 3] .) We always use an unadorned ≡ to denote congruence modulo N.
For (L, u) ∈ L N and s ∈ C with Re s > 1 we define
where the prime means that the term with ω = 0 is to be omitted if it occurs. We define
by analytic continuation as Hecke does. It is evident that G is a homogeneous function of degree −1. For a, b ∈ Z we let G a,b (τ ) = G (Zτ + Z, (aτ + b)/N ), in accordance with the notation in [22] . If it happens that a = 0 then G a,b (τ ) is a modular function for Γ 1 (N ), but in any case, it is a modular function for Γ(N ). Providing a q-expansion at τ = ∞ for each function G a,b (τ ) in terms of e 2πiτ /N is the same as providing a q-expansion for G at each of the cusps of X(N ). Conversely, finding a q-expansion for G a,b (τ ) at τ = ∞ for all a, b is the same as finding a q-expansion for one of the functions G a,b (τ ) at all of the cusps. Now we present some notation needed to write down the q-expansion found by Hecke.
Introduce the Hurwitz zeta function
and the notation
Here is Hecke's result. 
From this we can deduce the following.
Proof. Part of this proof is just like the proof of [14, (2.7.12)]. We expand the left-hand side using Proposition 3.1, obtaining
We take the case n = 0 first. We have
We see from [26, p.59] , that ζ(0, α) = 1 2 − α for 0 < α < 1, and it is known that ζ(0, 1) = ζ(0) = − 
(The middle equality above is an application of l'Hôpital's rule.) This agrees with the coefficient of q 0 in g k (τ ). Now we take up the case n > 0. We have
(sgn m)ζ kn/m N and so β n = 0 unless n ≡ 0, for else the summation has no terms. We compute, for n > 0,
This is the coefficient of q n in the expansion for g k (τ ). Q.E.D.
Now we show how to use Proposition 3.2 to interpret g k (τ ) as a holomorphic modular form of weight one for the group Γ 1 (N ).
As standard basis for the exterior power 2 R C we will use 1 ∧ i. We let α L denote the generator of the group 2 Z L which is a positive multiple of 1 ∧ i.
is an N th root of 1. We remark that χ 
the function G ′ is a meromorphic modular form for Γ 1 (N ). From (3.2) we see that
which shows that g k (τ ) is a holomorphic modular form for Γ 1 (N ). Combining this with (2.4) we see that
We can also deduce the following proposition.
Proof. We expand the left hand side, using Proposition 3.1, obtaining
We compute (keeping in mind that N is even)
Now for n > 0 we find We make the connection with modular forms by observing that
which together with (3.4) justifies (2.5).
4.
Expansion at the cusp τ = 0.
In order to test the rationality of G ′ we will examine the q-expansion at a cusp which happens to be a rational point on the curve X 1 (N ). We may, for example, expand
in terms of q 1/N = e 2πiτ /N , where ℓ is any integer relatively prime to N . Only one such cusp is needed to apply the q-expansion principle, so we could set ℓ = 1, but the computation is no harder if we refrain from doing that.
Proceeding as in Proposition 3.2, we may write down the expansions we desire in the following proposition; they don't seem to follow easily from [14, 2.7.8].
Proposition 4.1.
so applying (3.1) we can write
and
We compute
The latter series converges because 
Now for n ≥ 1 we compute we imagine that each η in [18] has been replaced by −η. We use the notations
, and H a1,a2 from [18] without repeating the definitions, and we assume 0 < ℓ < N .
From [18, H6, p. 250] and the definition of G 1,ℓ we have
By collecting similar powers of q we obtain
On the other hand, we may simply trace the definitions in [18] and [14] .
Combining the previous two formulas gives (a). As for (b), we see as above that
Then we apply H4 of [18] :
Remark 4.2. One may also follow Lang [18,H4] as in the alternate proof above to get the q-expansions in (3.3) and (3.6). One uses
The q-expansion principle.
The q-expansion principle is part of the classical theory of modular forms. When the modular curve in question has a model over a subfield k ⊆ C, a modular function tends to be defined over k if and only if the coefficients of its q-expansion are in k. In this section we state the purely algebraic portion of the q-expansion principle.
Let K/k be a field extension. In our application, it will be C/Q. Suppose X is a curve over K, with x a nonsingular point on X defined over K, and let q be an element of valuation 1 in the complete local ring O x . We have a K-algebra isomorphism
] of formal power series in the variable q, and an inclusion of fields K(X) ֒→ K((q)) into the field of formal Laurent series. Pick generators f 1 , . . . , f r over K for the field K(X), so that K(X) = K(f 1 , . . . , f r ).
Proposition 5.1. With the notation above, if f 1 , . . . , f r ∈ k((q)), then (a) k((q)) and K are linearly disjoint over k.
(c) If X has a model Y over k with respect to which the functions f 1 , . . . , f r are defined over k (i.e.,
When we say that X has a model Y over k, we mean Y is an irreducible curve over k with an isomorphism
Proof. First notice that k(f 1 , . . . , f r ) ⊆ k((q)). To prove (a) we proceed as in [23, p. 141] . Given a 1 , . . . , a m ∈ K linearly independent over k, we suppose that g 1 , . . . , g m ∈ k((q)) satisfy a i g i = 0. We write each g i as a Laurent series g i = j b ij q j with coefficients b ij ∈ k. Then we deduce that i j a i b ij q j = 0, and thus, for each j, we have i a i b ij = 0, whence each b ij = 0, and thus each g i = 0.
We claim that when we have intermediate fields
We know K and k((q)) are linearly disjoint subfields of K((q)), so it follows that so are K and L, since L is a subfield of k((q)). It follows that K ⊗ L maps isomorphically onto a subring K * L of the field K · L and generates that field, so K · L is the fraction field of K * L. Similarly, K · M is the fraction field of K * M . But M is a field extension of L, hence a free L-module, a property which is preserved by tensor product. Hence K * M is a free K * L-module, and since K · L = K · M , we can view K * M as a submodule of the fraction field of K * L. But any free submodule of the fraction field of a ring has rank at most 1, so
To prove (b), we apply this claim with L = k(f 1 , . . . , f r ) and
The same fact proves (c). Indeed, the isomorphism g above induces an injective map from k(Y ) ⊗ k K into K(X) whose image generates the field K(X). This implies that k(Y ) and K are linearly disjoint as subfields of K(X). As k(f 1 , ..., f r ) is a subfield of k(Y ), it is also linearly disjoint from K. Now we are done as before.
Q.E.D.
We refer to [7] , [12] , [13] and [15] for discussions of the q-expansion.
6.
The function field of the rational model of Γ 1 (N ) \ H.
We recall the definitions of the standard examples of modular forms and functions for Γ = Sl 2 (Z). For each even integer ℓ ≥ 4 define a homogeneous function E ℓ : L → C of degree −ℓ by the formula
• φ k and g 3 = (2πi) 6 G 3 • φ k ; these are modular forms of weight 4 and 6 respectively. Take ∆ = g 2 3 − 27g 3 2 to be the standard cusp form of weight 12, and let j = g 2 3 /∆ be the j-invariant, a modular function. It is known that the q-expansion of j has rational coefficients; since j is a modular function for the full modular group Γ, the same is true for its q-expansion at the other cusps.
The Weierstrass ℘-function gives a modular form of weight 2 for Γ 1 (N ) as follows. We define a function ℘ : L N → C by the formula ℘(L, u) = w∈L (w − u) −2 − w −2 ; it is a homogeneous function of degree −2. We let p k = ℘ • φ k denote the corresponding modular form. According to [23, 6. for 0 ≤ r < N , (r, s) ∈ Z 2 , and (r, s) / ∈ N Z 2 . Taking r = k and s = 0 we find that the q-expansion of
which is the q-expansion for p k (τ ) at τ = 0, has rational coefficients. We define f k = g 2 g 3 p k /∆; it is a modular function for Γ 1 (N ). It is known that (2πi) −4 g 2 , (2πi) −6 g 3 , and (2πi) −12 ∆ have q-expansions with rational coefficients (see [23, 2.2] ). It follows that the q-expansion at the cusp τ = 0 of the modular function f k has rational coefficients. 
